INTRODUCTION
The problem under consideration in this series has only recently been solved in the case of any locally compact Abelian group G by Beckner [2] . In the setting of Abelian groups, the problem is to compute the smallest constant A, = A,(G) for which ( TRANSFORM  III   163 For compact groups (Abelian or not) it is easy to see by taking f = 1 that A, = 1 is the best constant in (1.1). For noncompact, non-Abelian unimodular groups, the computation of the best constant in the aforementioned analog of (1.1) was not considered prior to [I93 which forms part I of this series. In that paper I showed that results of Hewitt, Ross, and Hirschman on maximal functions [lo: Section 431 extended verbatim to unimodular groups. I also considered direct and semidirect products and computed the best constant for the class of central topological groups and for the Euclidean groups, i.e., the groups of rigid motions of Euclidean space. In part IT [20] , I studied this problem for the class of connected, simply connected, real nilpotent Lie groups. Estimates were obtained for most of the known examples of such groups. Some but not all of the estimates in these two papers, and another [21] made use of the author's Hausdorff Young theorem for integral operators. This theorem has been extended to the case of operator valued kernels [8] , and it is this extension which is the starting point for the present paper, the contents of which will now be described. In Section 2 I discuss the analog of the main result of [8] in which the gage space (x, g(JQ, t r is replaced by more general ones. As it turns out, the ) result of [8] and its proof extend word for word to the more general setting. (See Prop. 2.1.) However, for the applications considered in the present paper, the hypothesis of this extended theorem is not satisfied. Therefore, it is necessary to abandon interpolation theory and to adopt a pedestrian approach which uses the result of [8] together with direct integral decompositions of gage spaces. The price paid for this is that the resulting inequality (Theorem I) is proved for only certain values of the indices, i.e., p = 4/3, 615, 8/7 ,.... Section 3 contains the result (Theorem 2) that the norm of the D-Fourier transform is stable under compact extension (for p' an even integer). Precisely, if N is unimodular and of type I and if G is a separable compact extension of N, then the smallest constant in the Hausdorff Young theorem for G is dominated by the one for N. In Section 4 I discuss the implications of Theorem 2 for general linear groups and for Moore groups.
1.1) NORM OF L"-FOURIER
Sections 3 and 4 depend heavily on [12] . A ccordingly, the blanket assumption is made that all groups considered in this paper are separable (= second countable). Also, d, denotes the modular function of G, G denotes the unitary dual of G, pc denotes the Plancherel measure on G if G is of type I and unimodular, and X(G) denotes the collection of continuous complex valued functions on G with compact support.
If X is a complex Hilbert space, a(X) denotes the Banach space of bounded linear operators on X with the usual operator norm. In Section 2 the concepts of gage space and of direct integral decomposition are used. References for these are [16, 221 and [5: chapter II], respectively. The Lebesgue spaces associated with a gage space r will be denoted by LP(r), 1 < p < co. If r is a (discrete) gage space of the form (X, B(X), tr), the Lebesgue spaces will be denoted by CPW), 1 <P < al. If the quantities Mr = ess.iup jx 11 k(x, y)IIscx~ dx and Ma = ess.~p sx x (1 k(x, y)l19(&j dy are both finite, then it can easily be shown, using Schwarz's inequality (several times), that Tk E g'(s) and that II Trc Ilam < ~~&W2. is the Banach space of B-valued measurable functions f such that I/f (*)lls E X, with the norm j/f I/I(~) = 11 11 f (.)lis 11% (cf. [4] ). Also L+Q(X x x) denotes a mixed norm space in the sense of [3] . Therefore, for example, if p and q are finite, II k l17.31,q = I& {Ji II 4x, YXW dxplp dy]l/g. Now if k has its values in J& (= La(r)) and Tk. belongs to '$I (= Lffi(n)) i.e., for each x and y k(x, y) is a bounded measurable operator with respect to r and T, is a bounded measurable operator with respect to (1, (2.2) may be restated as Ii Tk /IPW ,< (!I k Ilm,~,m II k* llm,l,mY'z The meaning of (2.4) since k is only D'(r) valued and therefore the k(x, y) are not necessarily everywhere defined, is that the map k -+ Tk defined by (2.1) if the integral in (2.1) makes sense and converges, extends to a mapping of the set of k for which the right side of (2.4) is finite and that Tk EL?(~) and (2.4) holds for such k. In particular Tk must be a (not necessarily bounded) measurable operator with respect to (1.
The standard procedure for proving an inequality such as (2.4) is to establish its validity at the endpoints p = 1 and p = 2 and then to use interpolation methods to obtain it for 1 < p < 2. This has been done for the special case in which & = a(.#), '$I = a(x) an d 7 and 0 are the ordinary traces [8] . The particular case of this in which .8 is one dimensional was treated in [19] and [21] and was instrumental for determining the best constant in the HausdorfI Young theorem for some classes of unimodular groups. As remarked above and shown below this procedure cannot be used in this paper.
The reason for considering, in the present paper, gage spaces more general than (JEV, &(A?), t r is that the gage space that arises in the study ) of the Hausdorff Young theorem on unimodular groups is never of this form, and not always decomposable as a direct integral of gage spaces of this form.
The discussion which follows will set the stage for Theorem 1 and Section 3. We are given two gage spaces I' = (2, A, T) and A = (X, 91, u) which are related only by the fact that x = L*(X; Z) for some measure space X. Proof.
(1) follows from the definition of the norm in the space&,.' (2) and (3) ' The very same argument proves the following: let $'!I,, , gI be Banach lattices on some measure space and let B be any Banach space. For 0 < t < 1 let @'t = Q:-'%VI1. Then il k liwp G II k ll&o~B, II k ll&,cBj . To place Theorem 1 (to follow) in a proper perspective it is appropriate to consider an important example which is central to this paper and which will be discussed further in Section 3. Let G be a locally compact separable unimodular group and suppose N is a closed normal unimodular subgroup of G such that G/N = K is compact. Let r = r&r = (L*(N), Z(N), rnN) and
be the canonical gage spaces of N and G respectively [13, 231 (see Section 3).
If p E .X(G) then the operator L, of convolution on the left by 9) on L2(G) is bounded and measurable with respect to r, and can be shown to be unitarily equivalent to an integral operator Tk on L2(K; L2(N)) whose kernel 12, is Y(N) valued. Therefore // Tk, llL,,r,,w< 11 k, j/g, . For i = 1, 2 let 9i be the closure of (k, ; p E X(G)} in 6,. By the Plancherel theorem for G, Ij Tk /lL2,nc) = 11 k, llse , but it is not true in general that gi = b, .2 In any case 9i is" a closed subspace of d, and according to the interpolation theory discussed above the best that can be said is that the map k, -+ TI, will carry [a1 , g21s into LP'(I',) (s = 2/p'). Now generally [.& ,9& is z linear subspace of [e?, , S21s = b, but does not necessarily have the same norm. Therefore it cannot be asserted that I/ Tk l(Lp,tr~) , < )I k, 118, which is the inequality desired. Furthermore even though the map k, -+ T, extends to a map k -+ Tk of d, into @(L*(G)), as pointed out above theremis no guarantee that Tk will be measurable with respect to r, for every k E d, . (In this paragraph and the next we have identified T, with L, .)
To resolve this dile&ma it is only necessary to make the (reasonable) assumption that N be a group of type I. For then, since N is assumed to be unimodular and separable we can quote [6: 18. With our K E Q, n 8s let h be defined by Th = (T,)* Tk . Since Tk EL-(A) (5 V(A) we have T,, eLm(A) n Lz(A) and thus h E g2 and 11 Th IILqn) = /I h II&Z . Now it is well known and easy to verify that h(x, y) = jx k@, xl* W, Y> dz (2.14) But K has its values in J% and JY is weakly closed so that h(x, y) E ./? and therefore h(x, Y) = $f Mx, Y) dh, with h,(x, y) E J& . Although it is not known if h E e?i , we can still repeat the argument in the first part of the proof to conclude that Th = sf ThA dh. Moreover using Fubini's theorem again with (2.14) tells us that ThA = (TkA)* Kk, . Therefore, using the argument for n = 1 with h we get II Tk lliu = II Ta Remurk 2.2. The point of Theorem 1 is that it cannot be assumed that Tk EL.~(A) for all k E eY1 since this is not satisfied in our applications. By not making this assumption the conclusion is weakened from II Tk IILp,cn) < II k 118, (see Prop. 1.1-4) in two ways. First, the right side of this inequality is replaced by (II k l/~~,w~ II k* II,,.,,,,) l/* which is larger than /I k Ilg, , and this inequality is proved only for k E 6, n 8, . This does not affect any of the applications which follow in this paper in any way. Second, the resulting inequality is proved for the sequence p = 413, 6/S, B/7,... instead of for all p E (1,2). It remains a challenging problem in interpolation theory to prove the inequalities obtained in this paper for all p E (1,2).
COMPACT EXTENSIONS
In this section it will be shown that the D-Fourier transform (1 < p < 2) is stable under compact extension (if p' is an even integer).
Let G be a locally compact separable (= second countable) group with closed subgroup N. (It is not assumed yet that N is normal or that G or N is unimodular.) Let dg and dn denote right Haar measures on G and N respectively. Let K = G/N be the homogeneous space of right cosets and give K a quasiinvariant measure dk.
If y is a continuous unitary representation of N on a Hilbert space sY , let n = ind$ y be the representation of G induced by y. By use of a Bore1 cross section s: K + G, w can be shown to be unitarily equivalent to a representation +? which acts on the Hilbert space Ls(K, X",) (see [12: Section 31). Moreover, if v E X(G), then f(p)) = SC (p( x 7i x ) ( ) d x is an integral operator Tk (I) with kernel k, given by k,(k h) = &(W') n(4W1'2 s, d4W1 44) r(n) nMW"2 dn (3.1) for k, h E K and k E K. Young theorem for His the assertion 11 R, /lLP,(rH) < 11 f IILpcH) , i.e., jJ S9(H)ll < 1.
Note that the "right" gage space is being used here instead of the "left" one described in [13] and in Section 2. This is done to conform with our notation for induced representations and is valid since H is unimodular. Recall that R, = v(f) where rr is the right regular representation of H. Now it is well known (see [13] ) that R, is measurable so that II % Ilrwg G II k, lbl
for CJI E X(G). This proves (3.5).
EXAMPLES
In this section Theorem 2 is used to obtain estimates for the norm of the P-Fourier transform on general linear groups and on Moore groups. EXAMPI.E (cf. [12: p. 4731). Let F be a locally compact, nondiscrete field with char(F) = 0. Set G, = {g E GL(n, F): detg E F*"). Then (as pointed out in [ 121) G, is a closed normal subgroup of finite index in GL(n, F). Therefore by Theorem 2 for p' even, II %(GL(n, F))lI < II %(Gn)ll. [18] and in terms of projective limits [15] . Recall that G = proj. lim(G,) means there is a family (HJ of normal subgroups of G directed by inclusion such that G, = G/H, and fia H, = 1, and such that a cofinal set of the H, are compact. Remark 4.6. The following result, which is similar in spirit to the results of this section has been obtained recently by Fournier [7] . Let p E (1,2) 
